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By using scanning tunneling spectroscopy to probe a silver thin film that contains both periodic and
quasiperiodic modulation, and by using Fourier analysis, we unravel the influences of individual Fourier
components of the scattering potential (periodic versus quasiperiodic) on the electronic structure of a one-
dimensional quasiperiodically modulated thin Ag film. Along the periodically modulated direction, a
Bragg reflection-induced energy gap is observed in k space. On the other hand, the exotic E vs k spectrum
with many minigaps was observed along the quasiperiodic direction.
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When electrons move in crystalline solids, the coherent
scattering with the periodic potential enables them to sneak
by all ions uninhibited, forming Bloch electrons with
their own E vs k dispersion relationship. In quasicrystals,
however, such a ‘‘Bloch description’’ of the electronic
structure encounters conceptual difficulties, due to the
absence of periodicity. Instead, theoretical investigations
predicted exotic characteristics such as the Cantor-set en-
ergy spectrum [1]. However, experiments did not confirm
such exotic properties [2]. Angle-resolved photoemission
measurement of the E vs k dispersion relation in a quasi-
crystal rather revealed free-electron-like states [3].
Nevertheless, critical questions remain as to how electronic
states in a quasiperiodic solid differ from those in a peri-
odic solid.
The central question lies in the fact that the atomic
arrangement of quasicrystal is not periodic yet possesses
a long range order. The lack of translational periodicity
renders the inapplicability of Bloch’s theorem. One can no
longer define a Brillouin zone for a quasicrystal in its strict
meaning, because the diffraction pattern has densely dis-
tributed reciprocal vectors in k space [1,4]. The concept of
electronic bands also fails, since the energy spectrum of a
quasicrystal is predicted to form a Cantor set and gaps are
dense in the spectrum [4–7]. Nevertheless, ‘‘effective’’
descriptions are often found to be useful depending on
the experimental conditions such as the apparatus’ resolu-
tion limit or the Zener breakdown between energy states
[8,9]. For example, bandlike features have been recently
observed in the E vs k dispersion relation probed by angle-
resolved photoemission on decagonal Al-Ni-Co quasicrys-
tals [3]. The observed effective electronic bands resemble
free-electron-like ones, suggesting that the electronic
states are not localized in nature but rather exhibit appre-
ciable amounts of delocalized character. On the other hand,
anomalies in certain physical properties of quasicrystals
have also been reported [10–12]. Still, some critical ques-
tions remained unanswered. In particular, what are the
roles of densely distributed reciprocal vectors in k space?
Here we tackle this problem directly by studying the
electronic structure of a thin Ag film whose surface con-
tains both quasiperiodically and periodically modulated
potentials. This feature allows us to compare directly the
manifestation of quasiperiodicity versus periodicity within
the same experiment. In addition, as the electronic struc-
tures are probed locally using scanning tunneling spectros-
copy (STS), the spatial averaging effect masking fine elec-
tronic structures is completely avoided. The k-resolved
electronic structures are obtained through a Fourier analy-
sis, following the so-called Fourier-transformed STS
[13,14].
Heavily p-doped GaAs wafers were cleaved in ultrahigh
vacuum (p < 1 1010 mbar) to expose (110) surfaces.
Ag was deposited from a thermal evaporator on substrates
cooled to 100 K. Subsequently, the samples were annealed
to RT to form atomically flat Ag films [15], which were
then investigated in situ in a scanning tunneling micro-
scope (STM) operated at about 6 K with a thermal drift
smaller than 1 nm=day.
Figure 1(a) shows a typical STM image of such a Ag
film. Oval-shaped features (called ‘‘ovals’’ hereafter) are
arranged in rows parallel to the GaAs 110 direction
(vertical or y^). The spacing h between two ovals along y^
is 2.8 A˚ , the same as the interatomic spacing along the bulk
silver 110 direction. Furthermore, along y^ there is an
additional weak modulation (typical corrugation of only
0.08 A˚ ) with a periodicity of 11 A˚ (corresponding to 3:7
h) [Fig. 1(b)]. Along the GaAs [001] direction (horizontal
or x^), the rows of ovals exhibit distinct widths and separa-
tions as marked in Fig. 1(a) (q  5:1 A, p  7:4 A, S 
12:5 A, and L  17:6 A). The much larger corrugation of
0.6 A˚ is coupled to the S and L separations. Figure 1(c)
shows a large field of view where only rows with the S and
L separations are clearly noticeable. As analyzed previ-
ously, the S and L feature sizes are arranged in real space
following the Fibonacci sequence, albeit the existence of
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phason defects (see dashed circles) often disrupts the ideal
sequence [16]. Figure 1(d) shows the Fourier transforma-
tion of the topographic image in Fig. 1(c) where the effects
of periodic and quasiperiodic modulations are shown along
qy and qx, respectively. The particular characteristic of a
periodic modulation along y^ in conjunction with a quasi-
periodic modulation along x^ has provided us with an ex-
cellent opportunity to directly compare the effect of a
quasiperiodic potential vs a periodic potential on the elec-
tronic structure.
Figures 2(b)–2(e) show four differential conductance
maps acquired at different biases Vb applied to the sample,
along with the topographic image [Fig. 2(a)]. These con-
ductance maps are proportional to the local density of
states (LDOS) E; x; y at the energy E  eVb [17].
Before analyzing the conductance maps, we recall that
the states below EF are quantum well states whose struc-
tures depend on the film thickness [18]. However, the
electronic states above EF, and notably the most prominent
one directly above EF, are independent of the film thick-
ness and attributed to Shockley-type surface states whose
scattering with the periodic and the quasiperiodic poten-
tials is of interest here.
The conductance image at EF  1:83 eV [Fig. 2(b)]
shows similar structures as the topography. The dominant
features are the stripe patterns along the vertical direction.
In contrast, the conductance maps at EF  0:95 eV and
EF  0:55 eV [Figs. 2(c) and 2(d)] both exhibit a mesh
network as a consequence of a fine structure along y^, which
has, however, a different wavelength in both images. The
conductance image at EF  0:04 eV [Fig. 2(e)] exhibits
again a stripe pattern along the vertical direction, which is,
however, enhanced for long wavelengths compared to that
of the topography [Fig. 2(a)]. The conductance line profiles
measured along the dotted lines in x^ as a function of energy
[Fig. 2(f)] illustrate additional information. Also shown in
Fig. 2(g) are two representative dI=dV vs V spectra ac-
quired at two neighboring locations, one on the ridge and
the other one on the valley of topography [labeled in
Fig. 2(a)], illustrating spatial dependence of the tunneling
spectrum. While all line profiles display quasiperiodic
modulations, the actual modulation patterns vary as a
function of energy: For example, the conductance profile
at EF  1:83 eV is almost identical to the topographic
profile, whereas the profile at EF  0:95 eV has a phase
FIG. 2 (color online). (a) An STM to-
pography of Ag film acquired at 6.8 K
with sample bias 2:3 V. (b)–(e) The
tunneling conductance images taken
over the same region at the energies
1.83, 0.95, 0.55, and 0.04 eV above the
Fermi level, respectively. (f) The line
profiles along the horizontal lines in
(a)–(e) are drawn with appropriate re-
scaling shown in the figure. (g) Two
representative dI=dV vs V spectra.
FIG. 1 (color online). (a) STM images of Ag film (film thick-
ness 18 A˚ ) grown on a GaAs (110) substrate are acquired at 6.8 K
with different lateral dimensions. (b) Topographic line profiles
along the lateral (blue) and vertical (green) directions, respec-
tively. (c) A larger STM image of the same film showing the
phason defects (marked by the dashed circles). (d) A quarter
section of the 2D Fourier transformation of the topographic
image shown in (c).
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reversal (peak and valley positions are reversed). The
variation of the conductance patterns as a function of
energy contains the information of the E vs k dispersion,
which, however, is difficult to grasp directly from the real
space images. In order to obtain the k-resolved electronic
structure, the energy-resolved conductance maps are ana-
lyzed in Fourier space.
We first discuss the energy dispersion along the periodic
direction y^. Because of a strong energy-dependent profile
along x^, we spatially averaged the conductance signal
along x^. The averaging yields consistent results indepen-
dent of the length of the spatial averaging. Figure 3(a)
shows differential conductance spectra vs y^ after spatial
averaging over one LS unit. To enhance the contrast, a
background subtraction is performed in Fig. 3(b). The
result, referred to as E; y, shows that with increasing
energy the modulation frequency increases, leading to
shorter wavelengths along y^. For each energy level, the
Fourier transformation of E; y is calculated as
E; qy 
R
E; yeiqyydy. As discussed earlier [13,14],
the spatial modulation of the LDOS with a wave vector of q
is a consequence of the scattering between two degenerate
states jE1; k1i and jE2; k2i with q  k1-k2 and E1  E2.
For a 1D case, this corresponds to the scattering between
jki and j  ki, where k  q=2. We thus define a pseudo-
momentum ky  qy=2. The resulting power spectrum
jE; kyj2 is plotted in logarithmic scale in Fig. 3(c),
which resembles an E vs k electronic structure in the
extended-zone scheme. In addition, we fitted a parabolic
free-electron band to the data (shown as the dashed curve
along the ky direction) with the band minimum at EF and
an effective mass of 0:5m0. This value is close to the
reported effective mass of the surface electrons on the
Ag(111) surface [19,20]. Furthermore, there is an apparent
gap on this free-electron-like band, at ky  	0:29 A1
and at E
 0:65 eV (marked by the white cross). This
gap is a consequence of the periodic scattering potential
with a periodicity of 11 A˚ [see Fig. 1(b)], corresponding to
the textbook case of the Bloch description of a 1D elec-
tronic structure where the gap occurs at the zone boundary
at ky  	=a, with a  11 A.
Figure 4 illustrates the electronic structure along the
quasiperiodic direction x^. Figure 4(a) displays an example
of E; x composed of differential conductance spectra vs
x after spatial averaging along y^ over one unit cell of 11 A˚ .
A background subtracted E; x with higher spatial
resolution [Fig. 4(b)] reveals a quasiperiodic modulation
along x^ at all energies. In addition, many minigaps give
rise to the interferencelike fine patterns at local scale. The
corresponding power spectrum of Fourier-transformed
jkx;Ej2 is displayed in logarithmic scale in Fig. 4(c).
The Fourier space shows prominent peaks at kx values
equal to 12kS=S0:25 A1, 12 kL  =L  0:18 A1,
and 12 kLS  =LS  0:10 A1, etc., arising from the qua-
siperiodic structure in real space whose basic units are S
and L. These prominent topography-related peaks mask
the detailed electronic fine structure in jkx;Ej2. In order
to highlight the fine structure, we calculated the average
power hjkxj2i between the Fermi level and the topogra-
phy imaging condition (2:1 V in this case) for each kx
and subtracted it from the original power spectrum
jkx;Ej2. Indeed, the renormalized image in Fig. 4(d)
removes the strong topography-related features. It further
shows ubiquitous dark spots throughout this Fourier-
transformed spectroscopic image, exemplifying the exis-
tence of many minigaps. Interestingly, it appears that the
structures are defined by envelopes of paraboliclike bands.
The existence of free-electron-like residues suggests that a
macroscopically averaged technique such as angle-
resolved photoemission will smoothen out the fine struc-
tures in k space, thus exhibiting effective but ‘‘broadened’’
free-electron-like structures, such as those observed for the
Ag=GaAs system [21] and the Al-Ni-Co quasicrystal [3].
Despite its complicated band structure with many mini-
gaps, there appears to be a simple and straightforward
interpretation. Take a free-electron band eikx and its scat-
tered band eikqx due to a Fourier component q of the
quasiperiodic potential. A gap pens up at q=2 when eikx
and eikqx bands overlap. For example, in Fig. 4(e), the
red bands are the result of scattering with the Fourier
component 2=L. Because of the quasiperiodic potential,
individual Fourier components will give rise to similar
effects. Figure 4(e) shows such a construction by including
the effects of the first four Fourier components. One can
see that it qualitatively describes the overall structure of the
Fourier-transformed STS image in Fig. 4(d) rather well.
Theoretically, we have also simulated the electronic
density by solving the one-dimensional Schro¨dinger
FIG. 3 (color online). (a) A spatially averaged LDOS E; y
obtained after averaging over an LS unit along the x direction.
(b) The background subtracted LDOS E; y-hEi. (c) The
power spectrum jky; Ej2 calculated from E; y and plotted
in logarithmic scale. The total gray scale is from 100 (darkest) to
101:02 (brightest). The dashed parabola is a dispersion curve of
the free electron with effective mass 0:5m0.












 x  E x; (1)
where m is the effective electron mass, and the potential
Vx is assumed to be proportional to the topography
height shown in Fig. 1(b). The energy-resolved electron
density is calculated using nEx  PnE Enj nxj2,
where En and  nx are the eigenenergies and the eigen-
functions of Eq. (1), respectively. The corresponding den-
sity distribution in the E-k plane is determined from the
Fourier transformation of nEx over x (with the experi-
mental values m  0:5m0 and E0  EF) and, in order to
illustrate the fine structures better, subjected to the same
background subtraction scheme as the experimental data
[Fig. 4(f)]. Although not a perfect match, the simulated
result [Fig. 4(f)] captures the essential features: the exis-
tence of minigaps everywhere and free-electron-like resi-
dues. Considering that the scattering potential could not be
known a priori, the qualitative agreement between the
simulation and the experimental result is quite remarkable.
In summary, we have investigated the topography and
spectroscopy of a silver film using a scanning tunneling
microscope. The film exhibits both periodic and quasiperi-
odic modulations in two perpendicular directions as shown
by the topographic images. Fourier analysis on the differ-
ential conductivity images reveals a Bloch electron struc-
ture in the periodic direction and an exotic spectrum with
many minigaps in the quasiperiodic direction.
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FIG. 4 (color online). (a) A spatially averaged LDOS E; x distribution. The long modulation length (11 A˚ ) along the y direction is
used as the averaging unit. (b) The zoom-in view of (a) after background subtraction. (c) The power spectrum jkx; Ej2 calculated
from E; x and plotted in logarithmic scale without any background subtraction. The vertical stripe patterns occur at the
characteristic feature sizes in the topography as marked by arrows. (d) The power spectrum jkx; Ej2 replotted after the background
subtraction (procedure described in the text). The total gray scale is from 100 (darkest) to 101:41 (brightest). (e) A hypothetical band
structure using an artificial construction of free-electron bands and its scattered bands (see text). (f) Typical power spectrum
jkx; Ej2 calculated using a nominal scattering potential with a shape similar to the topography (see the text) and plotted with the
same background subtraction procedure as that for (d), respectively.
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